We extend work of G. Ahlbrandt and M. Ziegler to give a classi cation of the nite covers with bre group of prime order p for the projective space over the eld with p elements, and for the Grassmannian of k-sets from a disintegrated set (for k 2 N). AMS classi cation: 03C35 and 20B27. This paper is a contribution to the study of the ne detail of the class of (countable) totally categorical structures, in particular the almost strongly minimal ones. The approach we adopt is the one initiated by G. Ahlbrandt and M. Ziegler in 1] and 2] and is purely algebraic. The results we obtain are explicit classi cation results (under restrictive hypotheses) and are phrased in the terminology of nite covers. It may be helpful if we give a brief impression of them without using this terminology. Corollary 2.2.2 represents a classi cation of certain strongly minimal @ 0 -categorical structures where the associated strictly minimal set is a projective geometry over a prime eld. Theorems 3.2.4 and 3.3.7 classify certain almost strongly minimal structures in which the associated strictly minimal set is disintegrated. In all these cases it is assumed that the relative automorphism group of the structure over the strictly minimal set is abelian of prime exponent. A key question is whether there exists an expansion of the structure which is biinterpretable with the strictly minimal set (splitting). One corollary of our results is that this happens in all cases we consider.
De nition 1.1.1 A permutation structure is a pair hW; Gi where W is a non-empty set (the domain), and G is a closed subgroup of Sym(W ) (the group of automorphisms). We shall usually write G = Aut(W ) and refer simply to`the permutation structure W.' If A is a subset of W and B a subset of W (or more generally of some set on which Aut(W ) is acting in an obvious way), then Aut(A=B) denotes the permutations of A which extend to elements of Aut(W ) xing every element of B. We regard Aut(W ) as a topological group with the subspace topology from Sym(W ): a base of open neighbourhoods of the identity consists of subgroups Aut(W=X) for nite X W. We shall write permutations on the left of the elements of W.
Permutation structures are obtained by taking automorphism groups of rst-order structures on W, and we often regard a rst-order structure as a permutation structure without explicitly saying so (by taking for the group of automorphisms of the permutation structure the automorphism group of the rst-order structure). In this paper we will be primarily be concerned with the following permutation structures.
De nition 1.1.2 Let F be a nite eld and V a vector space over F. So V is a permutation structure with automorphism group GL(V ), the group of invertible linear transformations of V . . This is the Grassmannian of k-subspaces of V . In the case k = 1, we also refer to this as the projective space of V . 1 Supported by an EPSRC Research Studentship A nite cover (in the sense of 1.1.5) : C ! W induces a homomorphism : Aut(C) ! Aut(W ); given by putting (g)(w) = (g ?1 (w)) for all g 2 Aut(C) and w 2 W. In fact, if W is countable @ 0 -categorical, then 1.1.5 is equivalent to saying that the bres of are the classes of an Aut(C)-invariant equivalence relation on C, and the map Aut(C) ! Aut(W ) induced by has image Aut(W ) (Lemma 1.1 of 7] ensures that De nition 1.1.5 implies the surjectivity). The cover is split if there is an expansion of (C; W; ) which is a trivial cover.
If : C ! W is a nite cover than the associated restriction map : Aut(C) ! Aut(W ) is a continuous homomorphism and so the kernel of the cover K = Aut(C=W ) is a closed normal subgroup of Aut(C). As all K-orbits on C are nite, it follows that K is compact (and in fact, Suppose : C ! W is a nite cover. For each a 2 W let C(a) denote the bre above a, that is fx 2 C : (x) = ag. We also de ne, for any a 2 W, the bre group F(a) of the cover at a as the permutation group induced by Aut(C) on C(a). The binding group at a is a normal subgroup of the bre group, and is the permutation group induced on the bre C(a) by the kernel K. Clearly, if Aut(W ) acts transitively on W then all of the bre groups are isomorphic as permutation groups, as are the binding groups.
A nite cover is principal if its kernel is the product of the bre groups. We can regard any nite cover : C ! W as a covering expansion of a principal nite cover 0 : C 0 ! W in a canonical way: we take as Aut(C 0 ) the group K 0 Aut(C), where K 0 is Q w2W F(w), the product of the bre groups of . It is easy to see that a principal nite cover is split.
In this paper we shall be concerned with determining, for primes p, the nite covers of the projective space over the eld with p elements, and the Grassmannian of k-sets from a disintegrated set, where the bre groups are of order p (acting transitively on a set with p elements). So these can be considered as covering expansions of an appropriate principal cover 0 : C 0 ! W, and our classi cation is up to conjugacy of the automorphism groups in Aut(C 0 ). The strategy we use is that of G. Ahlbrandt and M. Ziegler from 2]: we rst determine the possible kernels of covering expansions of 0 and then we use cohomological methods to determine the actual covering expansions which can give rise to each kernel. The results are summarised in Corollary 2.2.2 (for the projective space case) and Theorems 3.2.4 and 3.3.7 (for the case of Grassmannians of disintegrated sets), but in particular, we note that all these covers split. In the rest of this section, we summarise the machinery we use. This is mostly taken from 2] and 10].
Kernels
Suppose 0 : C 0 ! W is a nite cover with abelian kernel K 0 . So K 0 is a closed normal subgroup of ? 0 = Aut(C 0 ) and we have the short exact sequence
where is restriction to W, and G = Aut(W ). Recall that ? 0 =K 0 = G as topological groups. Now consider ? 0 acting on K 0 by conjugation. As K 0 is abelian, K 0 is in the kernel of this action, and so we get an action of G = ? 0 Corollary 1.3.1 There is a one-to-one correspondence between H 1 c (G; K 0 =K) and the set of conjugacy classes of closed subgroups H of Aut(C 0 ) which satisfy (H) = G and H \ K 0 = K. In applications here, 0 : C 0 ! W will be a principal nite cover and we will be interested in classifying covering expansions of this which have as kernel some particular G- Proof. Existence of a split covering expansion follows from Theorem 1.2.2 and the remarks preceding it. The uniqueness follows from (1.3.1): the automorphism groups of any two covering expansions of 0 with kernel K are conjugate in Aut(C 0 ).
The following curious lemma will replace the use of envelopes in 2]. It allows us to deduce triviality of the cohomology groups we are concerned with from known results about 1-cohomology of nite general linear and symmetric groups. Proof. Note rst that if two continuous derivations ? ?! M agree on a dense subgroup, then they must be equal. So (as inner derivations are continuous) it will su ce to prove that = djG is inner. The hypotheses imply that M is metrizable, with a metric such that the diameters of the M i tend to zero (in fact, M as a topological group is isomorphic to the inverse limit of the nite groups M=M i ). 
is an exact sequence of G-modules. Then there is an exact sequence of abelian groups:
If, moreover, G is a topological group and the the short exact sequence is a sequence of compact topological G-modules in which the homomorphisms are continuous, then there is a long exact sequence as above in which the H 1 terms are replaced by H 1 c .
Projective spaces
Throughout this section p will be a prime and F p will denote the eld with p elements. If n is a cardinal then V (n; p) denotes the vector space of dimension n over F p . Proof. This follows from the fact that im n n;1 is one-dimensional, and n 1 p is coprime to p.
We now give a result due to P. Delsarte which is the the most important (and di cult) ingredient needed for calculating the submodule structure of 
Theorem 2.1.6 Let V n = V (n; F p ) and G n = GL(V n ). Then the proper G n -submodules of We can now give the corresponding result for F p W. and these are all distinct. Moreover, we have that 0 < : : : < im n;1 < < im 2;1 < F p W is a composition series for F p W.
Proof. Let x 2 F p W. Then for large enough n we have that x 2 F p V n ]] 1 . So by Theorem 2.1.6, the G n -submodule generated by x equals im n k;1 or im n k;1 \ ker n 1;0 , for some k. In the former case we may assume that x = k;1 (w) for some w 2 V n ]] k , and then clearly the Gsubmodule of F p W generated x is im k;1 . In the latter case we may assume that x = k;1 (w ?w 0 ) for some distinct w; w 0 2 V n ]] k (as this is a generator for im n k;1 \ ker n 1;0 ) and then the Gsubmodule generated by x is seen to be im k;1 \ ker 1;0 . of polynomials in variables x 1 ; : : : ; x n as a module for G n (with G n acting by substitutions in the usual way). The G n -action preserves the total degree of an element of the ring, and leaves invariant the ideal I generated by x p 1 ; : : : ; x p n . We let X E (i) be the image in E x 1 ; : : : ; x n ]=I of the homogeneous polynomials of degree i, and regard this as a G n -module. This is called the module of truncated polynomials of degree i.
Remarks 2.1.11 (i) When p = 2, the module X F p (i) is just the i-th exterior power of V n .
(ii) If i n(p ? 1) there is a natural basis of X E (i) consisting of x a1 1 : : : x an n + I where the a j p ? 1 and j a j = i. It is easy to see that X E (i) is naturally isomorphic with X F p (i) F (ii) As in (i), taking the F-subspaces of M 0 generated by the terms of the series of submodules of M gives a series of submodules of M 0 with m non-zero factors isomorphic to F E M 1 ; : : : ; F E M m . The statement now follows from the Jordan-H older theorem and (i).
(iii) Without loss of generality, we may assume that N is an EG-submodule of M 0 of Edimension n. Let x 1 ; : : : ; x n be an E-basis for M and y 1 ; : : : ; y n an E-basis for N. For each g 2 G the matrix representing g with respect to each of these two bases has entries in E. Moreover there is an invertible matrix A with entries in F which for each g 2 G conjugates the one matrix to the other. The entries of A therefore give a non-zero solution to a system of linear equations with coe cients in E, and so we can actually nd such a solution in E. This matrix of elements of E can then be used to set up a non-zero EG-homomorphism from M to N. The rest follows from irreducibility of M, and comparison of dimensions. Now we let S n denote the elements of G n of determinant 1. Clearly we can regard any G n -module as an S n -module, just by restriction. Let F denote an algebraically closed eld of characteristic p. 
Cohomology groups
As above, we let V = V (@ 0 ; p) be a countably in nite dimensional vector space over the eld with p elements, and G = GL(@ 0 ; p) its automorphism group. Let W = V ]] 1 , considered as a permutation structure with automorphisms those permutations induced by G. Proof. This follows from Theorem 2.1.13, Lemma 1.3.4 (for discrete groups), and Theorem 2.2.4.
Proof of 2.2.1. We use Lemma 1.3.3 with ? = GL(V ) and M = K 0 =K. Remember that K 0 = F p W and K is a closed, ?-invariant subgroup of K 0 . Let (V i : 5 i < !) be an increasing chain of nite dimensional subspaces of V (with V i of dimension i) with union the whole of V . Let T i be a complement to V i in V , and choose these so that T i T i+1 for all i. Let G i = fg 2 ? : gV i = V i ; gjV i has determinant 1 and gx = x 8x 2 T i g:
Then the G i form an increasing chain whose union is dense in ?, and G i is naturally isomorphic to the special linear group SL(V i ) (called S i in the above). Let K i be those functions in K 0 which are zero on
and all these isomorphisms hold as isomorphisms of G i -modules. So M=M i is isomorphic to a quotient module of F We shall use facts about the representation theory of the nite symmetric groups for which we refer to 11]. We use the following notation throughout.
We denote by M k the G-module F p D] k . If n 2 N let n] k be the set of k-subsets from f1; : : : ; ng, and let M k n] = F p n] k , which we regard as a Sym(n)-module. The Specht submodule S k of M k is the G-submodule generated by the element: Proof. The connection between the two parts of the claim is given by Corollary 1.3.1.
It follows from a version of Shapiro's lemma ( 8] ) that H 1 c (G; K 0 ) = Z 2 , but we shall describe explicitly 1 and 2 .
We take 1 to be a covering expansion with trivial bre group: pick a transversal of the bres and let 1 be the expansion of 0 by this (as a unary relation). Now let w = f1; : : : ; kg 2 W and let H G be those elements of the stabiliser of w which induce an even permutation on w. This is of index 2 in the stabiliser of w. Let Shapiro's lemma can be used to calculate the derivations Sym(n) ! M l n]. If l 2 then (modulo inner derivations) these are as follows. Note that to specify such a derivation, it is enough to give its value on each of the transpositions (i; i + 1) 2 Sym(n) for i = 1; : : : ; n ? 1 (as these generate Sym(n)). 
